The status, or distance sum, of a given vertex u in a graph is defined by s(v) = c,+C d( u, c) where d (u, v) is the distance from a vertex u to u. We show that every graph is the induced subgraph of a graph whose vertices all have distinct stati. Using this result we then construct a family of graphs which have consecutive integers for their stati. This settles the question raised by Harary and Buckley about whether there exist graphs whose stati are consecutive integers. We also use the above constructions to find families of non-isomorphic graphs with the same stati.
Introduction
Various graph invariants have been considered for tackling the graph isomorphism problem. Among these is the distance degree sequence, which has been used as a topological index. In particular, the application of the distance degree sequence to the graph isomorphism problem has been studied by Rand2 (see [9] ). For a graph G with vertex set V(G) the distance degree sequence is defined as follows: where e(u) is the maximum distance of any vertex from v. The distance degree sequence of a graph G, denoted by dds(G), consists of the collection of sequences dds(v) of its vertices.
Another graph invariant which is commonly studied is the status sequence, which is related to the distance degree sequence:
Definition 2. The status, or distance sum, of a vertex is defined by s(v) = c,,+, d(u, c).
The status sequence of a graph consists of a list of the stati of all the vertices.
An element in the status sequence consists of the sum of all the elements in d& (v) for some vertex v. In general, one cannot obtain the distance degree sequence of a graph from the status sequence. In fact, one cannot always recover the degree sequence. There is, therefore, some loss of information in the status sequence.
However, the status sequence does contain important information about the graph and the study of graphs with special status sequences can produce interesting results. In particular, the following two classes of graphs have been previously examined (see [3] ): A number of results pertaining to SI graphs are given in [2] along with a number of open problems. We show that there are, in a certain sense, many SI graphs. The constructions we use lead us to interesting examples. In particular, we will show that for any graph G and any fixed integer N, there exist N non-isomorphic SI graphs each having the same stati and containing G as an induced subgraph.
Constructing status injective graphs
Notation 1. If G and H are graphs we shall use the notation G C H to mean that G is an induced subgraph of H.
We will also need the following two graph products in the constructions: Notation 2. Given two graphs Gi and Gz, the Cartesian product Gi $ G2 is defined by Notation 3. Given two graphs Gi and Gz, the direct product Gi -G2 is defined by 
Lemma 1. Every graph is the induced subgraph of a self-median graph.
Proof. Given any graph G there exists a regular graph R such that G CR (for a proof see [5] ). Let R be regular of degree k with / V(R)1 = n. Take H to be the graph obtained by adding n -k isolated vertices to R and joining each of them to every vertex in R.
The status of every vertex in H is s(c) = 3n -2k -2 and G 2 H. 0
Lemma 2. Let G be u sew-median graph on n vertices with ever)! vertex having status s. Thc~ gruph G c;i K2 is selj~median with every vertex having status 2s + II.
Proof. The graph G# K2 consists of two copies of G with edges between the corresponding vertices. Label the vertices in one copy of G with ui, 14,. , u,, and the vertices in the other copy vi, ~2,. . , v,,. Notice that ui is adjacent to Gi. The distance between a pair of vertices, q,u,, is given by dc (u,.u,) where dc denotes the distance in G. Similarly, the distance between a pair of vertices, u;, ';i, is given by &(ui, u,) + I. The result follows. 0
Proposition 1. Every graph is the induced subgraph qf a status injective graph
Proof. Given any graph G, let G' be the self-median graph constructed as in Lemma 1, such that G C: G'. Notice that G' has diameter 2. If 1 V(G')I is even let H = G', otherwise take H = G' * K2. G 2 H and H is self-median with every vertex having status s, IV(H)1 =n, and H has diameter 2.
Consider four graphs U, V, W and X defined as follows: Let the number of vertices in all four graphs be n and label the vertices of each with { 1,2,.
, n}. Set U = V = H and label the vertices in U and V so that vertex i S(R) = s + (s + n) + (i + 2(n -i)) + (2i + 3(n -i)) = 2s + 6n -2i. Thus, if i # 1, we can move from ui to vi from Vi to WI, and from wi to any vertex in W. If i = 1, we do the same to reach any vertex in W, except for ~2, which we reach by moving from ui to vi, from vi to Vk (uk adjacent to vi ), and from Uk to ~2. The distances to X are calculated in exactly the same way (the key observation being, that S has diameter 4).
(2) The contributions to s(q) are listed in the order V, U, W, X. Some care has to be taken in establishing that the contribution from V is s because it is possible that distances could be shortened by leaving V and returning through W. This possibility is eliminated because the diameter of H is 2. The remaining contributions follow from the arguments for (1). Proof. Let II be an even positive integer and take H = K,,. Clearly, H is self-median with diameter 2. Thus we can use the construction given above to make a status injective graph S with H C S. Using s =n -I in the formulas for the stati in S we obtain that the stati of S range from 6n -2 to 10n -3 and / V(S)1 = 4n so the stati of S are indeed consecutive integers. We could also take H to be K, minus a matching. In that case the stati of 5' range from 6n -1 to 1On -2.
The smallest case for which Corollary 1 works is n = 4 since for n = 2 one cannot find two disjoint matchings of K2. Thus, the smallest graph this corollary gives whose stati are consecutive integers has order 16. This example is illustrated in Fig. 2 .
The following smaller example of an Sl graph whose stati are consecutive integers appears in [2] and is shown in Fig. 3 .
We do not know if this example can be generalized to give an infinite family of status injective graphs, each having an odd number of vertices.
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Other constructions
The following theorem is an extension of Theorem 6. We will need the following lemmas:
Lemma 4. If GI -H N G2 -H then G, = G2.
Proof. See [8] . 13
Lemma 5. Zf G1 $ H E GZ @ H then G, II G2.
Proof. See [lo] .
•i are a family of non-isomorphic SI graphs each with the same stati.
Conclusion
The above theorems show that not only are there "many" status injective graphs, but that the isomer degeneracy of the status sequence is high. The Wiener index is given by ; CrEV(G) S(C); since it can be computed from the status sequence and involves no other graph information, our results imply it too has high degeneracy (for a more extensive and detailed analysis of the isomer degeneracy of the Wiener index see [7] or [6] ). Indices such as Balaban's index J (see [l] ) circumvent this problem by adding adjacency dependence to the index. A possible alternative use for the status sequence in graph isomorphism testing might be to compare the status sequences of graphs together with their subdivisions.
By a subdivision of a graph we mean a graph with a new vertex added in the middle of each edge. The status sequence does not appear to behave well under this operation, and, therefore, such an examination may help to distinguish graphs that fail other distance tests.
